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Abstract. We investigate the signature of the low-energy electronic excitations in
the Raman spectrum of monolayer and bilayer graphenes. The dominant contribution
to the Raman spectra is due to the interband electron-hole pairs, which belong to
the irreducible representation A2 of the point group C6v of the graphene lattice, and
are characterised by crossed polarisation of incoming and outgoing photons. At high
magnetic fields, this is manifested by the excitation of electron-hole (e-h) inter-Landau-
level transitions with selection rule n− → n+. Weaker Raman-active inter-Landau-level
modes also exist. One of those has a selection rule similar to the infrared absorption
process, n− → (n ± 1)+, but the created e-h excitation belongs to the irreducible
representation E2 (rather than E1) and couples to the optical phonon mode, thus
undergoing an anticrossing with the optical phonon G-line in Raman in strong magnetic
field. The fine structure of acquired by the G-line due to such anticrossing depends on
the carrier density, inhomogeneity of doping, and presence of inhomogeneous strain in
the sample.
PACS numbers: 73.63.Bd, 71.70.Di, 73.43.Cd, 81.05.Uw
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1. Introduction
Experimental observation of electronic excitations in graphene is mostly associated with
angle-resolved photoemission spectroscopy [1, 2] and optical absorption in monolayers [3,
4, 5, 6, 7, 8, 9] and bilayers [6, 5, 10, 11, 12, 13, 14, 15, 16] where Raman spectroscopy
has been used to study graphene phonons [17], and became the method of choice for
determining the number of atomic layers in graphitic flakes [17, 18, 19, 20, 21, 22, 23].
In particular, single- and multiple-phonon-emission lines in the Raman spectrum of
graphene and the influence of the electron-phonon coupling on the phonon spectrum
have been investigated in great detail [24, 25, 26, 27, 28, 29, 30, 31, 32].
This manuscript presents a theory of inelastic light scattering in the visible range
of photon energies accompanied by electronic excitations in mono- and bilayer graphene
both with and without an external magnetic field. We classify the relevant modes
according to their symmetry, analyse peculiar selection rules for the Raman-active
excitations of electrons between Landau levels in graphene at strong magnetic fields,
review the fine structure of the phonon-related Raman under conditions of magneto-
phonon resonance (when the inter-Landau-level transition is in resonance with phonon),
and model the dependence of the spectra on the value and homogeneity of carrier density
and strain in the sample.
Graphene is a gapless semiconductor [33, 34, 35, 36], with an almost linear Dirac-
type spectrum ε = αvp in monolayer case and parabolic ε = αp2/2m for bilayer, in the
conduction (α = +) and valence (α = −) band, which touch each other in the corners of
the hexagonal Brillouin zone, usually called valleys. In bilayer graphene there are two
additional parabolic band with the gap 2γ1. The conduction-valence band degeneracy
in the Brillouin zone corners of the band structure of graphene is prescribed by the
hexagonal symmetry C6v of its honeycomb lattice, and it is natural to relate Raman-
active modes to the irreducible representations of the point group C6v.
We argue that the dominant electronic modes generated by inelastic scattering of
photons with energy Ω less than the bandwidth of graphene are superpositions of the
interband electron-hole pairs which have symmetry of the representation A2 of the group
C6v and are odd with respect to the inversion of time. Their excitation process may
go in two ways both of which consist of the same steps, but in reversed order. In the
first process the absorption of a photon with energy Ω transfers an electron from an
occupied state in the valence band into a virtual state in the conduction band, followed
by emission of the second photon with energy Ω˜ = Ω − ω. In the second process the
reversed order of events leads the the virtual electron state with large deficit of energy
as opposed to the first process with large excess. Net amplitude is determined by the
sum of partial amplitudes of the opposite processes. The dominance of such process over
the one involving the contact interaction [37, 38, 39] of an electron with two photons is
a peculiarity of the Dirac-type electrons in graphene.
Strong magnetic field leads to the quantisation of the electronic spectrum into
Landau levels [40]. In graphene Landau levels (LL) appear symmetrically in the
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C6v rep. A1 A2 B1 B2 E1 E2
matrix 1 σz ξ ξσz ξσ ez × σ
t→ −t + − − + − +
(l · l˜∗) (l× l˜∗)z l, l˜∗ M,d
p2 p (2pxpy, p
2
x − p2y)
u = 1√
2
(uA − uB)
Table 1. Classification of the Hamiltonian components by C6v irreducible
representations.
conduction bands αn (α = ±) with peculiar zero-energy LLs in monolayer (n = 0)
and bilayer (n = 0.1). For the inelastic light scattering in graphene, we find peculiar
selection rules, n− → n+ of the dominant Raman-active transitions (solid line in Fig. 3),
in contrast to the ∆n = ±1 transitions between Landau levels which are dominant in
the absorption of left and right-handed circularly polarised infrared photons [7]. The
weaker Raman mode with a similar inter-LL selection rule is also differs from absorption
process, having different symmetry properties which allow the interaction with Raman
scattering of light on optical phonons creating anticrossings at the G-peak line, see
Fig. 4. Raman spectroscopy, therefore, provides data supplementary to that obtained
in optical absorption.
The following theory is based upon the effective low-energy Hamiltonian derived
from the tight-binding model of electron states in graphene. It describes electrons in
the conduction and valence bands around the Brillouin zone (BZ) corners K (ξ = +)
and K ′ (ξ = −) [41, 42]. For monolayer graphene the effective Hamiltonian reads,
Hm = ξvσ · p− v
2
6γ0
(σx(p2x − p2y)− 2σypxpy). (1)
Here σ = (σx, σy) are Pauli matrices acting on the sublattice components of electronic
states on A and B sublattices of graphene honeycomb lattice, and p being the in-
plane momentum counted from the BZ corner. The first term in Eq. (1) determines
Dirac spectrum electrons. The monolayer hopping parameter γ0 ≈ 3eV determines
the bandwidth, ∼ 6γ0, and Dirac velocity of electrons v ≈ 108cm/s [10, 12, 19, 43].
The second term takes into account weak trigonal warping [41] breaking continuous
rotational symmetry of Dirac Hamiltonian. The basis is constructed of wavefunctions
corresponding to atomic sites A,B in the valley K, and B,A in K ′. Since 4-spinors
{ϕAK , ϕBK , ϕBK′ , ϕAK′} realise 4D irreducible representation of the full symmetry
group of the crystal, matrix operators can be combined into irreducible representations
[44, 26, 27] of the group C6v, see Table 1.
Bilayer graphene, Fig. 1b, consists of two coupled sheets of monolayer with AB
(Bernal) stacking (as in bulk graphite [45]), and has symmetry D3h which differs from
C6v by accompaniment of a z → −z reflection to the rotations by pi/3, comparing to
monolayer graphene, but, otherwise, D3h and C6v are isomorphic. Its unit cell contains
four inequivalent atoms A1, B1, A2 and B2 where numbers denote the layer. The
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Figure 1. Schematic of the monolayer (a) and bilayer (b) graphene crystal lattice. (c)
The band structure of mono- and bilayer graphene in the vicinity of the K point along
the px axis. Also shown are some of the two-step processes leading to the creation
of an electron-hole pair in the low-energy bands accompanied by the absorption of a
photon followed by emission. Note that the energy of any intermediate state (white
circle) is much smaller than photons energy Ω, Ω˜.
conventional Hamiltonian in the vicinity of the valleys is
Hb =
(
v3
v
σxHmσ
x Hm
Hm γ1σ
x
)
, (2)
where, v3 ∼ 0.1v is related to the weak direct A1 → B2 interlayer hops [36, 19, 43],
and γ1 ∼ 0.4eV is the direct interlayer coupling [1, 6, 5, 10, 12, 19, 31, 46, 43]. The
basis is constructed using components corresponding to atomic sites A1, B2, A2, B1 in
the valley K and B2, A1, B1, A2 in K ′.
The electronic dispersions around the K point for mono- and bilayer are compared
in Fig. 1. Two low-energy bands touch each other at the centre of the valley, which is
also the position of the Fermi energy in the neutral structure (a neutrality point), and
are described by the effective two-band low-energy Hamiltonian written in the basis of
orbitals on the sites A1 and B2 [36],
Hˆ
beff = −
v2
γ1
(σx(p2x − p2y) + 2σypxpy). (3)
Two other, referred to as high-energy bands, are split by the interlayer coupling γ1 from
the neutrality point.
2. Inelastic light scattering in graphene at zero magnetic field
To include the interaction of the electrons with photons in the effective Hamiltonians (1)
and (2), we construct the canonical momentum p − e
c
A, where the vector potential of
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R = = + +
RD Rw
GA
Ω+ϵi
GR
−Ω+ϵf
Ω ϵi
ϵfΩ˜
Figure 2. Feynman diagrams for Raman scattering amplitude R from ground state
to final state with electron-hole excitation.
light
A =
∑
l,q,qz
~c√
2Ω
(
l ei(qr−Ωt)/~bq,qz ,l + h.c.
)
, (4)
includes an annihilation operator bq,qz ,l for a photon with in-plane momentum q, energy
Ω (which determines its out-of-plane momentum component qz =
√
Ω2/c2 − q2), and
polarisation l. Expanding the Hamiltonians up to the second order in the vector
potential one obtains the interaction part,
Hint = −
ev
c
J ·A + e
2
2c2
∑
i,j
(∂2pipjH)AiAj, (5)
where (ev/c)Ji = (e/c)∂piHˆ is the current vertex and
e2
2c2
∂2pipjH is the two-photon
contact-interaction tensor.
The full amplitude R = RD + Rw of inelastic Raman scattering of the photon on
electrons changing its energy Ω to Ω˜ = Ω − ω (ω = f − i is the Raman shift), and
momentum and polarisation from q, l to q˜, l˜ is described by the Feynman diagrams
shown in Fig. 2. The building blocks of the diagrams include Green’s functions for the
electrons and the electron-photon interaction vertices:
- = GR(A)ε = (ε−H ± i0)−1,R  	
@R
s = ev~√
2Ω
Jq · l, 	 	@Rs = ev~√2Ω˜J−q˜ · l˜∗, (6)
	R  	@R = Rw = e
2~2
2
√
ΩΩ˜
(∂2pipjH)lil˜
∗
j δp,p+q−q˜.
Thus, the inelastic light scattering amplitude is contributed by a one-step process Rw
(contact interaction [38]) and a two-step process RD involving an intermediate virtual
state. The two-step process, such as shown in Fig. 2, consists of an absorption (emission)
of a photon with energy Ω (Ω˜) transferring an electron with momentum p from an
occupied state in the valence band into a virtual intermediate state, followed by another
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electron emission (absorption) of the second photon with energy Ω˜ (Ω) which moves the
electron to the final state with momentum p + q− q˜,
RD =
e2~2v2
2
√
ΩΩ˜
(
(Jq · l)GAΩ+i(J−q˜ · l˜∗) + (J−q˜ · l˜∗)GA−Ω+f (Jq · l)
)
. (7)
In graphene, the two-step process via the virtual state and the contact interaction
process have different properties and polarisation selection rules, which reflects their
intricate relation with the irreducible representations of symmetry group of the crystal.
Generally, the components of the scattering amplitude Rij realise a representation
of the symmetry group C6v. Since vectors l, l˜
∗ belong to E1 representation, the R
representation can be expanded in irreducible ones
E1 ⊗ E1 = A1 ⊕ A2 ⊕ E2. (8)
Forming the corresponding combinations from the components of the polarisation vector,
see Table 1
Ξs = |l× l˜∗|2, Ξs2 = |l · l˜∗|2, Ξo = |d|2 = 1 + (l× l∗)(˜l× l˜∗), (9)
where d = (lxl˜
∗
y + ly l˜
∗
x, lxl˜
∗
x − ly l˜∗y), and Ξs + Ξs2 + Ξo = 2, (10)
we can write the scattering probability in the most general form
w = wsΞs + ws2Ξs2 + woΞo. (11)
The first two terms with polarisation factor Ξs and Ξs2, corresponding to A2 and A1
representations respectively, describe the contribution of photons scattered with the
same circular polarisation as the incoming beam. The third term, with polarisation
factor Ξo, corresponding to E2 representation, represents the scattered photons with
circular polarisation opposite to the incoming beam.
Microscopically, the probability for a photon to undergo inelastic scattering from
the state (q, qz) with energy Ω into a state (q˜, q˜z) with energy Ω˜, by exciting an e-h pair
in graphene, is
w =
2
pi~3
∑
αi αf
∫
d2p|〈f |R|i〉|2 × fi (1− ff ) δ (i + ω − f ) , (12)
where fi and ff are filling factors of the initial and final electronic state, respectively,
the spin and valley degeneracies have already been taken into account, and initial
and final states are defined by the momentum p and (sub)band index αi/f : |i(f)〉 =
|p(p + q− q˜, αi/f )〉. The angle-integrated spectral density of Raman scattering g(ω) is
g(ω) =
1
c
∫ ∫
d2q˜dq˜z
(2pi~)3
w δ
(
Ω˜− c
√
q˜2 + q˜2z
)
, (13)
and quantum efficiency I =
∫
gdω expresses the total probability for single incoming
photon to scatter inelastically on an electron and excite an electron-hole pair in the
low-energy part of the spectrum.
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2.1. Raman scattering in monolayer graphene
The calculation of the Raman spectrum and intensity of the signal in each of the distinct
polarisation components, ws, ws2, and wo requires the explicit expression for the Raman
scattering amplitude R. Raman measurements are usually performed at Ω, Ω˜ ∼ 1÷3 eV,
which is much smaller than the bandwidth [17]. Raman shift, which measures the
electronic excitation energy, is ω . 0.2 eV allowing us to expand the Green’s functions
over the large Ω, and to perform summation over the intermediate virtual states of the
process.
Both the electron and the hole of the e-h excitation have almost the same
momentum (p + q− q˜ and p, respectively), since q, q˜ p and the momentum transfer
from light is negligible (v/c ∼ 3·10−3), so that below we use Jq = ξσδp,p+q. For vp Ω
the dominant contributions to the Raman scattering amplitude are
RD ≈ (e~v)
2
Ω2
(
−iσz(l× l˜∗)z + M · d
Ω
)
, (14)
M = ξv(σxpy + σypx, σxpx − σypy),
Rw =
e2v2~2
6Ωγ0
(ez × σ) · d, (15)
where the main order of RD has the matrix form of representation A2 of C6v. Contact
interaction Rw is responsible for the creation of the excitations with the symmetry of the
representation E2, see Table 1. For scattering of photons with Ω < γ0, Rw  RD [47].
In undoped graphene the inter-band e-h pairs with f ≈ −i ≈ ω/2 are the only
allowed electronic excitations. The probability of the creating an electronic excitation
by photons with Ω < γ0, q − q˜  p (ω  vcΩ) in the main order of the expansion in
ω/Ω 1 is
w ≈ ~e4v2 ω
Ω4
{
Ξs +
Ω2
2(6γ0)2
Ξo
}
. (16)
It is dominated by the contribution RD of the first two diagrams in Fig. 2, describing
two-step processes involving a virtual intermediate state.
Doping in graphene, with chemical potential µ Ωv/c blocks inter-band electronic
excitations with energy transfer ω < 2µ. After integrating over all directions of the
propagation of scattered photons, we find the spectral density of the angle-integrated
Raman signal,
g(ω) ≈ 1
4
Ξs
(
e2
pi~c
v
c
)2
ω
Ω2
θ(ω − 2µ). (17)
The total contribution of the electronic scattering to the total Raman efficiency is
I0 =
∫ Ω/2
0
g(ω)dω ∼
(
e2
2hc
v
c
)2
∼ 10−10. (18)
In doped graphene one may also expect to see some manifestation of the intra-band
e-h excitations in the vicinity of the Fermi level and electron energies i ≈ f ≈ µ.
Their analysis requires taking into account all terms in the expression for RD, Eqs. (15).
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Then, we find that, for ω 6 (v/c)Ω  Ω < γ0, the yield of this low-energy feature is
δI =
∫
δg(ω)dω ∼ 10−15 for Ω ∼ 1eV.
2.2. Raman scattering in bilayer graphene
For bilayer graphene with the interlayer coupling less then the base photon energy,
γ1  Ω, Ω˜, we also study the low energy excitations in the final states, in particular,
those with ω  γ1. The reason for restricting the following analysis to the low-energy
excitations is that the higher-energy excitations decay fast due to electron-electron and
electron-phonon processes, leaving very little chance to observe any structure in the
Raman signal. As a result, we employ the same expansion ω/Ω  1 as in section 2.1.
Keeping terms up to the Ω−3 order [the latter appear when the virtual state is taken to
be in the high-energy bands] in the expansion of the Green’s functions and performing
summation over the intermediate states of the process, we get the amplitude R in the
form of a 4× 4 matrix
R ≈ (e~v)
2
Ω2
(
−i
(
σz 0
0 σz
)(
l× l˜∗
)
z
+
M · d
Ω
)
,
M =
(
γ1σx(ez × σ)σx M
M 0
)
.
Since the electronic modes with the excitation energies ω < γ1/2, result from the
electron-hole pairs in the low-energy bands described by low-energy Hamiltonian Heff
in Eq. (3), we take only the part of R which acts in that two-dimensional Hilbert space,
leaving the terms in the lowest relevant order in vp/γ1  1 and γ1/Ω  1. This
projection results in effective amplitude of inelastic two-phonon process,
Reff ≈
e2~2v2
Ω2
{
−iσz(l× l˜∗)z + γ1
Ω
[σxdy + σydx]
}
. (19)
It is important to stress that for Ω  γ1 Reff cannot be correctly obtained within a
effective two-bands theory, Eq. (3), without the described above intermediate steps,
though for Ω < γ1 one could formally use Heff and Eqs. (4,5,6,7) to describe inelastic
scattering of far-infrared light. Within these approximations the scattering probability
w ≈ e4~v2 γ1
Ω4
{
Ξs +
γ21
2Ω2
Ξo
}
, (20)
retains the characteristic of monolayer graphene — the crossed polarisation of in/out
photons in the dominant mode [48]. The angle-integrated spectral density of Raman
scattering
g(ω) =
1
4
(
e2
pi~c
v
c
)2
γ1
Ω2
{
Ξs +
γ21
2Ω2
Ξo
}
θ(ω − 2µ) (21)
reflects the constant density of states characteristic for the parabolic spectrum of the
bilayers. This is different from monolayer graphene, where g(ω) ∝ ω, reflecting the
linear energy dependence of the density of states [47].
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3. Inter-Landau-level transitions in the Raman spectrum of graphene
Upon the quantisation of electron states into Landau levels Raman scattering inevitably
causes inter-Landau-level transitions, which, having fixed energies, manifest themselves
on the electronic contribution to the Raman plot as a pronounced structure which can
be used to detect their contribution experimentally [49, 50]
3.1. Monolayer graphene
Electronic spectrum of monolayer graphene in a strong magnetic field can be described
as a sequence nα of Landau levels (LLs), corresponding to the states [40, 7]
|nα〉 = 1√
2
(
Φn
iαΦn−1
)
for n ≥ 1, |0〉 =
(
Φ0
0
)
, (22)
with energy αεn, εn =
√
2n ~v/λB,
where λB =
√
~c/eB is the magnetic length, n enumerates the Landau levels, α = +
denotes the conduction and α = − the valence band, and Φn are the normalised
envelopes of LL wave functions. Then, the corresponding elements of Feynman diagrams
in Fig. 2 are
- = GR/A =
δnn′δαα′
ε− αεn ± i0 ,R  	
@R
s = ev~
2
√
Ω
J · l, 	 	@Rs = ev~2√ΩJ · l˜∗,
Jnα n′α′ = αiδn′,n−1e− − α′iδn′−1,ne+,
Rw =
e2v2~2
6γ0Ω
ξJ ·
∑
±
e±(le∓)(˜l∗e∓).
Here e± = 1√2 (ex ± iey) is used to stress that a circularly polarised photon carries
angular momentum m = ±1. Matrix structure of the interaction terms allows the
following selection rules for optically active inter-LL excitations in monolayer graphene:
i) n− → n+;
iii)
n− → (n+ 1)+,
ii) (n∓ 1)− → (n± 1)+; (n+ 1)− → n+. (23)
The excitation of the e-h pairs by Raman scattering in graphene at strong magnetic fields
produces the electronic transition i) between LLs, with angular momentum transfer
∆m = 0 and excitation energy ω = 2εn, see Fig. 3, and transitions ii), with ∆m = ±2
and ω = εn−1 + εn+1. The amplitudes of these two processes,
Rn−→n+ =
1
4
(ev~)2
c2Ω
∑
α=±
[
(le+)(˜l
∗e−)
Ω− εn − αεn+1 −
(le+)(˜l
∗e−)
εn − Ω− αεn−1 −
− (le−)(˜l
∗e+)
Ω− εn − αεn+1 +
(le−)(˜l∗e+)
εn − Ω− αεn−1
]
,
R(n∓1)−→(n±1)+ = ∓ 1
4
(ev~)2
c2Ω
(le±)(˜l∗e±)×
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C6v rep transition intensity polarisation
E2
n−→(n+1)+
(n+1)−→n+
weak in Raman, strong in
magneto-phonon resonance
σ± → σ∓
A1
(n−1)−→(n+1)+
(n+1)−→(n−1)+ weak in Raman σ
± → σ∓
A2 n− → n+ dominant in Raman σ± → σ±
Table 2. Raman-active inter-LL excitations in graphene.
×
∑
α=±
[
α
Ω− εn+1 − αεn +
α
εn−1 − Ω− αεn
]
,
are such that Rn−→n+  R(n∓1)−→(n±1)+ for ω  Ω. The latter relation is determined
by a partial cancellation of the two diagrams constituting RD. Notice that the inter-LL
modes n− → n+ have the symmetry of the representation A2 in Table 2 and the same
circular polarisation of “in” and “out” photons involved in its excitation. Finally, the
contact term Rw in Fig. 2 allows for a weak transition iii) n
− → (n ± 1)+, with the
amplitude Rw  Rn−→n+ . This transition, together with selection rules ∆m = ±1
resembles the inter-LL transition involved in the far-infrared (FIR) absorption [3, 7].
However, the FIR-active excitation is ’valley-symmetric’ [7, 51] and belongs to the
representation E1, whereas the Raman-active n
− → (n ± 1)+ mode belongs to E2,
allowing the latter to couple to the Γ-point optical phonon and, thus, leading to the
magneto-phonon resonance feature in the Raman spectrum [29]. Also, Rw originates
from the trigonal warping term in H which violates the rotational symmetry of the
Dirac Hamiltonian by transferring angular momentum ±3 from electrons to the lattice,
allowing thus the change of angular momentum by ±1.
The dominant inter-LL transitions n− → n+ determine the spectral density of light
scattered from electronic excitations in graphene at high magnetic fields:
gn−→n+(ω) ≈ Ξs
(
v2
c2
e2/λB
piΩ
)2∑
n≥1
γn(ω − 2εn). (24)
Here we use Lorenzian γn(x) = pi
−1Γn/[x2 + Γ2n], and inelastic LL broadening Γn which
increases with the LL number, and the factor Ξs in Eq. (24) indicates that “in” and
“out” photons have the same circular polarisation.
3.2. Bilayer graphene
Same as in non-magnetic case, e-h excitations in bilayer graphene are created in low-
energy Landau levels, as at high energies the Landau level broadening due to, for
example, electron-phonon interaction, will smear out the LL spectrum. In strong
magnetic fields, low-energy Landau levels in bilayer graphene can be described [52]
by
|nα〉 = 1√
2
(
Φn
αΦn−2
)
for n ≥ 2, |0/1〉 =
(
Φ0/1
0
)
, (25)
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a)
b)
0
1+
2+
1−
2−
0,1
2+
3+
2−
3−
2Μ2 22 23 24
Ω
g
2Μ 21 22 23
Ω
g
I1
I1
Figure 3. Spectral density g(ω) of light inelastically scattered from electronic
excitations in undoped monolayer (a) and bilayer (b) graphene at quantising magnetic
fields (solid line) and in doped graphene at B = 0 (dashed line). Sketch illustrates
selection rules for processes corresponding to the visible features at Raman plot. εn
denotes the LL energies in graphene. In addition to dominant n− → n+ processes
at both plots, in bilayer spectrum the feature corresponding to 2− → 0 and 0 → 2+
transitions can be recognised.
with energy nα = 2α
~2v2
γ1λ2B
√
n(n− 1).
In a neutral bilayer, all LLs have additional four-fold degeneracy (two due to the electron
spin and two due to the valley). The peculiar n = 0 and n = 1 LLs are degenerate
at  = 0 producing to an 8-fold degenerate level. Projecting the effective transition
amplitude Reff onto the eigenstates |nα〉 we find the electronic Raman spectrum. This
procedure leads to the same selection rules as in monolayer graphene, see Eqs. (23).
Among those, i) are the dominant transitions. For a undoped bilayer, the angle-
integrated spectral density g(ω) of Raman scattering in the strong magnetic field is
equal to:
g(ω) ≈
(
v2
c2
e2/λB
piΩ
)2{
Ξs
∑
n≥2
γ(ω − 2n+) + Ξo
(γ1
Ω
)2
×
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×
(∑
n=1,2
γ(ω − (n+1)+) + 1
2
∑
n≥3
γ(ω − (n+1)+ − (n−1)+)
)}
. (26)
The first term describes the dominant contribution due to the n− → n+ transitions,
while the last two terms describe the spectral density of the (n ∓ 1)− → (n± 1)+
transitions.
Low-energy electronic contribution to the Raman plot is shown with a solid line
in Fig. 3b. The dominant peaks are due to the n− → n+ transitions. The quantum
efficiency of a single n− → n+ peak in Fig. 3b is similar to value I1 in monolayer
graphene [47].
A weaker feature in Fig. 3b corresponds to both 2− → 0 and 0 → 2+ transitions
and is visible as it is positioned to the left of the first 2− → 2+ peak. The quantum
efficiencies of the (n ± 1)− → (n ∓ 1)+ transitions are smaller by the factor (γ1
Ω
)2
in
comparison to the n− → n+ transitions. This is different from the monolayer graphene
case, where the corresponding ratio between quantum efficiencies of (n±1)− → (n∓1)+
and n− → n+ transitions is (ω
Ω
)2
, much smaller than for the bilayer.
4. Magneto-phonon resonance in homogeneously and inhomogeneously
doped and strained graphene
Single- and multiple-phonon-emission lines in the Raman spectrum of graphene and
the influence of the electron-phonon coupling on the phonon spectrum have been
investigated in great detail [24, 25, 26, 27, 53, 28, 29, 30, 31, 32]. The coupling of
electromagnetic field and phonon excitations is realised via the excitation of the virtual
e-h pair, with the same symmetry properties as the Γ-point optical phonon which is
created upon the recombination of the pair. Analysing all possible combinations of
polarisation vectors one may see from Table 1 that the amplitude of Raman scattering
with excitation of the phonon mode is proportional to
R = RG
∑
ν
uν · d (27)
that describes quantised sublattice displacement
U(r, t) = (UA − UB)/
√
2 =
∑
k,ν
~√
2Mω0
(
uνcν,ke
i(kr−ω0t)/~ + h.c.
)
, (28)
where M is the mass of single carbon atom, u is a polarisation of the phonon, and
expression for RG can be taken from Basko [53]. Raman efficiency then is proportional
to
g ∝
∑
υν
dυd
∗
ν ImD˜
A
υν , (29)
where D˜ is the phonon propagator renormalized by electron-phonon interaction. The
latter strongly affects the energy of the phonon under the conditions of its resonance
mixing with the inter-LL electronic transitions, the effect known as magneto-phonon
resonance.
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We use both phenomenological approach and the tight-binding model to study the
interaction of electrons with Γ-point optical phonons in case of strong magnetic field.
The phenomenology is suitable to describe the low-energy excitations of electrons in
the vicinity of Dirac points (K-points), while tight-binding model is needed to perform
the integration over the whole Brillouin zone [53] when estimating the intensity of the
G-phonon-line in Raman. To discuss the electron-phonon interaction it is instructive to
trace the electron Hamiltonian
H = H0 −Q · U (30)
back to the tight-binding model
H0 = γ0
∑
s
(
0 eikrs
e−ikrs 0
)
k→ξK+p−→ ξvσp, (31)
Q =
√
6
dγ0
dr
∑
s
(
0 eikrs
e−ikrs 0
)
rs
a
k→ξK+p−→ F σ × ez, (32)
where k is a momentum within the Brillouin zone, K = (−4pi
3a
, 0), v =
√
3
2
γ0a/~, vectors
r1 = (−a2 , a2√3), r2 = (a2 , a2√3), and r3 = (0,− a√3) are the positions of nearest “B” atoms
with respect to “A” atom, and F = 3√
2
∂γ0
∂r
, where ∂γ0
∂r
is a response of the hopping
amplitude to the variation of the bond length.
The renormalisation of the phonon energy by its interaction with electrons is taken
into account in the random phase approximation. Defining electrons’ bare Green’s
functions phonon bare propagator, and electron-phonon interaction vertex,
- =
{
GR/A = (ε−H ± i0)−1,
GK = (1− 2f)(GR −GA),
= DAυν =
2ω0
(ω − iγph)2 − ω20
δυν ,
 	
@R
g = −1
2
~a
√ √
3
Mω0
Q,
we use Dyson equation to find the renormalised phonon propagator:
λΠAυν = = −i
√
3
4
~2a2
Mω0
∫
dε
2pi
∫
BZ
d2p
(2pi~)2
×
× Tr
{
QυG
R(ε)QνG
K(ε+ ω) +QυG
K(ε)QνG
A(ε+ ω)
}
, (33)
D˜ = += + +...
+= .
(34)
Here λ =
√
3
Mω0
(
Fa
2v
)2
= 3
√
3
2Mω0
(
~
γ0
dγ0
dr
)2
≈ 0.018 is dimensionless constant of the electron-
phonon coupling [26]. Trace is taken in AB sites space and a summation over spins is
already performed. As momentum k of a phonon created by the Raman process is small
by parameter v/c, in the following it can be neglected.
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The integral for polarisation loop in Eq. (33) is divergent in the frame of linear
Dirac model, so it can be split into two parts:
ΠAυν = Π0δυν + ∆Πυν , Π0δυν = Π
A
υν |ω,µ,B→0 ≈ −0.64γ0δυν . (35)
Here Π0 is calculated numerically within tight-binding model, and ∆Πυν is determined
within the effective Dirac model, after subtracting the divergent part from the integrand.
For B = 0 the answer is ∆ΠAυν ∝ δυν and it repeats the derivation of Raman line shape
found in Ref. [28, 25, 54, 30, 55, 29, 32]
g = Ξo IG
1
pi
γG
(ω − ωG)2 + γ2G
,
where the width of the G-peak and its position are determined by
γG = γph − λ
4
ω˜0 θ(ω˜0 − 2µ), (36)
ωG = ω˜0 − λµ
pi
+ λ
ω˜0
4pi
(
log
∣∣∣∣2µ+ ω˜02µ− ω˜0
∣∣∣∣)), (37)
where ω˜0 = ω0 + 0.64λγ0 (we implied that ω0  0.64λγ0  λεF ), and expression for IG
can be taken from Basko [53].
4.1. Magneto-phonon resonance in a homogeneously doped monolayer
In the presence of magnetic field the continuous electronic spectra splits into the set of
discrete Landau levels (LL). Working in the basis of LLs Eqs. (22,33,34) and choosing
the circularly polarized basis e/	 =
1√
2
(ex ± iey) for incoming and scattered light, we
find that
Πυν = (e)υ(e)
∗
νΠ + (e	)υ(e	)
∗
νΠ	, where Π/	 = Π0 + ∆Π/	.
For the chemical potential pinned at the zero LL
∆Π/	 =
ε21
pi
[ −f0
ε1 ± ω +
1− f0
−ε1 ± ω +
1
ε1
− ω2
∞∑
n≥2
1
Ωn,+(Ω2n,+ − ω2)
]
, (38)
where f0 is a density-dependent filling factor of the zero level and Ωn,± = εn ± εn−1
are the frequencies of electron-hole excitations. If µ is large enough, so that mth level
(m ≥ 1) is partially filled, then
∆Π/	 =
ε21
2pi
[
fm+ − 1
Ωm,− ± ω +
−fm+
Ωm+1,− ± ω +
fm+ − 1
Ωm,+ ± ω +
+
1− fm+
−Ωm+1,+ ± ω +
−1
Ωm,+ ± ω + 2
εm+1
ε21
− 2ω2
∞∑
n≥m+2
1
Ωn,+(Ω2n,+ − ω2)
]
.(39)
Then, the net Raman efficiency of the Γ-point phonon mode in graphene in a strong
magnetic field is
g =
∑
A=	/
|deA|2
IG
1
pi
γph
(ω − ω˜0 − λ∆ΠA(ω))2 + γ2ph
, (40)
Role of electronic excitations in magneto-Raman spectra of graphene 15
1

0
2

1
3 
2
1

1
2 
2
3 
3
Ω
0
16
00
cm

1
0 500 1000 1500 2000 2500 3000
0
10
20
30
40
Ω, cm1
B,
Te
sla
1 ↔0
++
2 ↔1
++
3 ↔2
++a) c)
b)
Figure 4. G-peak splitting in magnetic field. Density plots represent the dependence
of the Raman efficiency on Raman shift and magnetic field. a) Schematic plot shows
phonon line, dashed curves represents dominant Raman active transitions n− → n+,
which do not interact with phonon line, and solid curves are weakly coupled Raman
active transition n− → (n±1)+, which interact with phonons forming the anticrossings;
b) first anticrossing due to the transitions 1− → 0, 0 → 1+; c) 2nd, 3rd, and part of
4th anticrossings. In b) and c) plots are drawn for a zero electron density, so that the
contributions from different polarisations are equal.
where the two terms in the sum correspond to the opposite circular polarisations of the
optical phonon, and it is plotted in Fig. 4 for several doping densities.
The line described by the Eq. (40) displays two types of typical behaviour depending
on the range of parameters. Far from the resonance only a slight shift of the electron
and phonon excitations exists,
ω	/ ≈ ω˜0 + λ∆Π	/(ω˜0). (41)
Since the line shift may differ for the opposite circular polarisations of the phonon, this
leads to a small splitting of the G-line in Raman. In the vicinity of the intersection of
the phonon line with the electron-hole excitation line for several doping densities the
polarisation operator becomes large and causes significant change in spectra, forming
an anticrossing, in addition to the line splitting. The form of the line is determined by
four solutions ω±	/
ω − ω˜0 − λ∆Π	/(ω) = 0, (42)
Role of electronic excitations in magneto-Raman spectra of graphene 16
two for each polarisation with energies above (+) or below (−) the bare phonon line.
The form of such anticrossings in undoped graphene is shown at Fig. 4. The resonance
takes more sophisticated form in the case of the doped graphene. With increasing of
the electron density (and, correspondingly, the filling factor), the transition 1− → 0+
invoked by anticlockwise polarised light is weaken by Pauli blocking (see first anticrossing
at Fig. 5a, while the 0− → 1+ transition remains. When the n = 0 Landau level
is fully occupied (ne = 1/piλ
2
B ≈ 1.4 × 1012 cm−12,), in anticlockwise polarisation the
anticrossing completely blocked (see Fig. 5b, which coincides with the experimentally
observed features [49].
4.2. Influence of inhomogeneous doping and strain on the magneto-phonon resonance
lines shape
In graphene deposited on the substrate, the density of the electrons is very often,
not the same everywhere in the sample, but varies, forming puddles at the length of
100 ÷ 500nm [56]. Also, ripples of graphene sheet, induce inhomogeneous strain. At
weak magnetic fields the the electron density and strain disorder lead to the scattering
of the charge carriers. The situation changes when the external magnetic field (∼ 25T )
is applied. At such a strong field, the magnetic length is about 5nm, which is much
smaller than the typical size of the spatial fluctuations of both carriers density and
strain. In this case, the Raman response of the graphene flake is the average of the
locally defined spectra. Below, we discuss how such averaging changes the fine structure
of the magneto-phonon resonance.
Inhomogeneous density The spatial distribution of the electrons density, results in
summing up of the local spectra contributions from the various parts of the graphene
flake. The net picture is the overlay of the anticrossings at different filling factors (like
one shown at Fig. 5a,b) weighted with the normal distribution factor, which we use
mostly for the illustration purposes.
As shown in Fig. 5c,d, this leads to the inhomogeneous broadening of the side
lines related to the variation of the size of the anticrossing gaps between the 0− → 1+
transition and the phonon, and it blurs out the much weaker splitting/anticrossing of
the phonon and 1− → 0+ transition.
Inhomogeneously strained graphene Inhomogeneous strain in graphene is often
associated with magnetic field, Bstrain for electrons in K valley and −Bstrain in K ′,
which estimated as Bstrain ∼ ~cea h
2
l3
, where a is the bond length, l and h are the linear
scale and height of a ripple in graphene [34]. In the external magnetic field B the total
effective field acting on electrons in the valleys K and K ′ is different,
Bξ = B + ξBstrain,
where ξ = + for K point and ξ = − for K ′. Difference in magnetic field leads to the
different Landau spectra in each valley, thus, splitting the values of the external field B,
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Figure 5. Anticrossing of 1− → 0+ and 0− → 1+ transition with the optical
phonon for various levels of graphene doping. a) homogeneous graphene, electron
density ne = 1 × 1012 cm−2: transitions in both circular polarisations are active,
but 1− → 0+ is suppressed; b) graphene with a homogeneous doping with electron
density ne = 2 × 1012 cm−2: only 0− → 1+ transition is active; c) graphene with
inhomogeneous electron density, such that the average density is n¯e = 1.5× 1012 cm−2
and distribution with the variance δne = 0.4 × 1012 cm−2. d) The same as in c), but
with n¯e = 2.3× 1012 cm−2 and δne = 0.4× 1012 cm−2.
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Figure 6. The 0− → 1+ and 1− → 0+ anticrossing for strained graphene with
electron density ne = 2 × 1012 cm−2. a) homogeneously strained graphene with
effective Bstrain = 3 T: one anticrossing splits into two shifted vertically by 2Bstrain; b)
graphene subjected to inhomogeneous strain averaged over the distribution with the
variance δBstrain = 3 T: the peak corresponding to 0
− → 1+ transition has a distinctive
asymmetric shape.
for which, e.g. the resonance of 0−K → 1+K and 0−K′ → 1+K′ with the phonon is realised.
Formally, this can be taken into account by a substitution ∆Π(B) → 1
2
∑
ξ=±∆Π(Bξ)
in Eq. (40).
For the local Raman spectrum related to an area with a fixed Bstrain, this results
in a fine structure of the anticrossing shown in Fig. 6a, where an additional line appears
seemingly crossing the phonon mode without splitting. Such a behaviour occurs due
to the fact that instead of an anticrossing/mixing of two modes, now, three modes are
coupled, forming one phonon-electron mixed excitation with energy pinned in the middle
between the two strongly split side bands. Here, the central phonon line corresponds
to the circular polarisation of the phonon for which mixing with electronic modes is
suppressed by Pauli blocking, due to high density of electrons used in the calculation.
Averaged out a normal distribution of Bstrain with zero average expectation and variance
δBstrain = 3T, the anticrossing branches become asymmetrically broadened, as shown in
Fig. 6b.
5. Summary
We presented a theory of inelastic scattering of photons in mono- and bilayer graphene
accompanied by the excitation of electron-hole pairs. The dominant scattering processes
are characterised by the crossed polarisation of in/out photons while the Raman
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efficiency is proportional to the density of states (linear increase with Raman shift for
monolayer and constant for bilayer) and in case of doping the gap of width 2µ opens
up.
In strong magnetic field Raman spectra acquires the pronounced structure with
peaks corresponding to the inter-Landau-level transitions. The selection rules for the
strongest mode preserve LL number n: n− → n+, and quantum efficiency of the single
peak in Fig. 3 is I1 ∼
(
v2
c2
e2/λB
piΩ
)2
∼ 10−12 per incoming photon for Ω ∼ 1eV photons
in magnetic field B ∼ 10T. The theoretical prediction for the intensity of the phonon-
induced G peak,[53] which is a well known Raman feature in carbon materials[54],
estimates IG ∼ 10−11. This result is close in the order of magnitude to the intensity of
a single n− → n+ peak. So, the spectral features of inter-Landau-level transitions in
graphene can be observed experimentally [49]. The weaker mode with same selection
rules, similar to the absorption process, n− → (n ± 1)+, but belonging to different
symmetry group representation (E2, while absorption has E1), is coupled to the phonon
mode, creating the anticrossing and the G-peak line.
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